Abstract. We look at sequences of positive integers that can be realized as degree sequences of iterates of rational dominant maps of smooth projective varieties over arbitrary fields. New constraints on the degree growth of endomorphisms of the affine space and examples of degree sequences are displayed. We also show that the set of all degree sequences of rational maps is countable; this generalizes a result of Bonifant and Fornaess.
Introduction and results
1.1. Groups of birational transformations and degree sequences. Let X k be a projective variety defined over a field k; denote by Bir(X k ) the group of birational transformations of X k . A group Γ is called a group of birational transformations if there exists a field k and a projective variety X k over k such that Γ ⊂ Bir(X k ). More generally, one can consider Rat(X k ), the monoid of dominant rational maps of X k . Accordingly, we call a monoid ∆ a monoid of rational dominant transformations, if there exists a field k and a projective variety X k over k such that ∆ ⊂ Bir(X k ).
If X k is a smooth projective variety, an interesting tool to study the structure of monoids of rational dominant transformations are degree functions. Fix a polarization of X k , i.e. an ample divisor class H of X k . Then one can associate to every element f ∈ Rat(X k ) its degree deg H (f ) ∈ Z + with respect to H, which is defined by deg H (f ) = f * H · H where d is the dimension of X k and f * H is the total transform of H under f . For a smooth projective variety X k over a field of characteristic zero k, one has for f, g ∈ Bir(X k ) deg H (f • g) ≤ C(X k , H) deg H (f ) deg H (g), where C(X k , H) is a constant only depending on X k and the choice of polarization H (see [DS05] ). For a generalization of this result to fields of positive characteristic, see [Tru15] .
Let f be a rational self map of P 
we can extend the notion of degree to all rational self maps. Note that if f is an endomorphism of
Let ∆ ⊂ Bir(X k ) be a finitely generated monoid of rational dominant transformations of a smooth projective variety X k with a finite set of generators S. We define
where, B S (n) denotes all elements in ∆ of word length ≤ n with respect to the generating set S. We call a map Z + → Z + that can be realized for some field k and some (X k , H, ∆, S) as such a function a degree sequence.
Note that our definition of degree sequences includes in particular degree sequences that are given by finitely generated groups of birational transformations Γ ⊂ Bir(X k ).
In this paper we show that there exist only countably many degree sequences, display certain constraints on their growth and give some new examples.
1.2. Countability of degree sequences. In [BF00], Bonifant and Fornaess proved that the set of sequences {d n } such that there exists a rational self map f of P d C satisfying deg(f n ) = d n for all n, is countable, which answered a question of Ghys. We generalize the result of Bonifant and Fornaess to all degree sequences over all smooth projective varieties, all fields, all polarizations and all finite generating sets S of finitely generated monoids of rational dominant maps: Theorem 1.1. The set of all degree sequences is countable.
Previous results.
In dimension 2 the degree growth of birational transformations is well understood and is a helpful tool to understand the group structure of Bir(S k ) for projective surfaces S k over a field k. Theorem 1.2 (Gizatullin; Cantat; Diller and Favre). Let k be an algebraically closed field, S k a projective surface over k with a fixed polarization H and f ∈ Bir(S k ). Then one of the following is true:
• the set {deg H (f n )} is bounded;
• deg H (f n ) ∼ cn for some positive constant c and f preserves a rational fibration;
• deg H (f n ) ∼ cn 2 for some positive constant c and f preserves an elliptic fibration;
where λ is a Pisot or Salem number.
For more details on this rich subject and references to the proof of Theorem 1.2 see [Can12a] .
In the case of polynomial automorphisms of the affine plane, the situation is even less complicated. Let f ∈ Aut(A 2 k ). Then the sequence {deg(f n )} is either bounded or it grows exponentially in n. See [Fur99] for this and more results on the degree growth in Aut(A 1.4. Degree sequences of polynomial automorphisms. A good place to start the examination of degree sequences seems to be the group of polynomial automorphisms of the affine d-space Aut(A d k ). In Section 3.2 we will show the following observation (the proof of which can be found as well in [Dés16] ):
The monoid End(A d k ) has the additional structure of a k-vector space, on which the degree function induces a filtration of finite dimensional vector spaces. This gives rise to a new technique, which we will use to prove that unbounded degree sequences of groups of polynomial automorphisms diverge and can not grow arbitrarily slowly:
where
By a result of Ol'shanskii ([Ols99]), Theorem 1.4 shows that an unbounded degree sequence of a polynomial automorphism behaves in some ways like a word length function.
The following corollary is immediate:
be a finitely generated monoid with generating system S. If D S (n) < C d · n 1/d for infinitely many n then Γ is of bounded degree.
Unfortunately our methods to prove Theorem 1.4 do not work for arbitrary birational transformations of P d k . However, if we assume the ground field to be finite, we obtain a similar result: Theorem 1.6. Let F q be a finite field with q elements and let f ∈ Rat(P d Fq ) such that the sequence {deg(f n )} is unbounded. Then, for all integers K,
This implies the following for degree sequences in Rat(P d Fq ):
Fq ) be a finitely generated monoid with generating system S. There exists a positive constant
for all n, then Γ is of bounded degree.
Types of degree growth.
Definition. Let X k be a smooth projective variety with polarization H over a field k and let f ∈ Bir(X k ). We denote the order of growth of deg
The order of growth can be infinite.
By a result of Dinh and Sibony, the order of growth does not depend on the choice of polarization if we work over the field of complex numbers (see Section 2.4): Proposition 1.8. Let X C be a smooth complex projective variety and let f ∈ Bir(X C ). Then dpol(f ) does not depend on the choice of polarization.
Let f be a birational transformation of a surface. As recalled above, in that case dpol(f ) = 0, 1, 2 or ∞. This gives rise to the following question:
We give some examples of degree sequences that indicate that the degree growth in higher dimensions is richer than in dimension 2.
First of all, note that elements in Aut(A Example 1.9. Let k be any field and define f, g, h ∈ Aut(A d k ) by g = (x + yz, y, z), h = (x, y + xz, z) and
One sees by induction that deg(f n ) = 2n + 1; in particular, dpol(f ) = 1.
Other interesting examples of degree sequences of polynomial automorphisms and the dynamical behavior of the corresponding maps are described in [Dés16] .
For birational transformations of P d k we can obtain even faster growth (see [Lin12] for more details):
The following interesting observation is due to Serge Cantat:
and the elliptic curve E ω := C /(Z + Z ω). Let X := E ω × E ω × E ω and s : X → X the automorphism of finite order given by diagonal multiplication with −ω. In [OT15] Oguiso and Truong prove that the quotient Y := X/s is a rational threefold. Let f : X → X be the automorphism defined by (x 1 , x 2 , x 3 ) → (x 1 , x 1 + x 2 , x 2 + x 3 ). Since f commutes with s, it induces an automorphism on Y , which we denote byf . Let φ 1 :Ỹ → Y be a resolution of the singularities of Y and definef ∈ Bir(Ỹ ) byf
We will show in Section 3.5 that dpol(f ) = 4. 2. Preliminaries 2.1. Monoids of rational dominant transformations. Let X k be a projective variety over a field k. There is a one to one correspondence between rational dominant self maps of X k and k-endomorphisms of the function field k(X k ). The field k(X k ) is the field of fractions of a k-algebra of finite type k[x 1 , . . . , x n ]/I, where
. Then G is defined over k if and only if g i ∈ k(X k ) for all i. On the other hand, let g i , . . . , g n ∈ k(X k ) and let (x 1 , . . . ,
. This yields the following observation:
Lemma 2.1. Let X k be a projective variety over a field k and ϕ : k → k ′ a homomorphism of fields. Then ϕ induces a natural injection of monoids
Recall that there are uncountably many finitely generated groups and thus in particular uncountably many finitely generated monoids. The following observation by de Cornulier shows that being a monoid of rational dominant transformations is in some sense a special property (cf.
[Cor13] and [Can12b] ).
Proposition 2.2. There exist only countably many finitely generated isomorphism classes of monoids of rational dominant transformations.
Proof. Let ∆ ⊂ Rat(X k ) be a monoid of rational dominant transformations with a finite generating set f 1 , . . . , f n ∈ ∆ , where X k is a projective variety defined over a field k. Denote by S ⊂ k the finite set of coefficients necessary to define X k and the rational dominant transformations f i . Let k ′ be the field F p (S), where p = char(k), or Q(S) if char(k) = 0.
We consider the function field k ′ (X k ′ ) as a subfield of the function field k(X k ). Note that the action of the elements of ∆ on k
So without loss of generality we may assume ∆ ⊂ Rat(X k ′ ), where k ′ is a finitely generated field extension of some F p or of Q.
A rational dominant transformation of a given variety X k is defined by finitely many coefficients in k. So the cardinality of the set of all finitely generated monoids of rational dominant transformations of a variety X k is at most the cardinality of k.
Recall that the cardinality of the set of all finitely generated field extensions of F p and Q is countable. Since a projective variety is defined by a finite set of coefficients, we obtain that there are only countably many isomorphism classes of projective varieties defined over a field k ′ that is a finitely generated field extension of F p or Q. The claim follows.
Intersection form.
Let X k be a smooth projective variety of dimension d over an algebraically closed field k and let D be a Cartier divisor on X k . The Euler characteristic of D is the integer ′ , hence the intersection number is invariant under field isomorphisms. Since the intersection form is unique, it also does not change under a base extension k → k ′ between algebraically closed fields.
We summarize these properties in the following proposition:
Proposition 2.3. Let X k be a smooth projective variety of dimension d over a field k. Then there exists a symmetric d-linear form on the group of divisors of X k :
. . , D d are effective and meet properly in a finite number of points,
counted with multiplicity. Moreover, this intersection form is invariant under base change k → k ′ of fields.
Polarizations and degree functions.
A polarization on a smooth projective variety X k of dimension d is an ample divisor class H. This implies in particular that
Let p 1 and p 2 : Γ f → X be the natural projections on the first respectively second factor, then f = p 2 • p 
A divisor is ample if and only if the corresponding (1, 1)-form is cohomologous to a Kähler form. Hence a polarization of a smooth complex projective variety can be seen as a Kähler class. In this section we will take this point of view.
Let f be a birational transformation of X. With the help of currents, one can define the pullback f * ω of a (1, 1)-form ω (see [DN11] ). If H is a divisor of X and ω the corresponding (1, 1)-form then f * ω is the form corresponding to f * H.
If we fix a polarization ω X C of smooth complex projective variety X C , then the degree of a birational map f ∈ Bir(X C ) is defined by
So the degree does not depend on whether we look at an ample divisor class or its corresponding Kähler class.
In [DS05] the following is shown (see also [DN11] ):
Proposition 2.4. Let X C be a smooth complex projective variety with polarization ω X C and f ∈ Bir(X C ). There exists a constant A > 0 such that
where · denotes any norm on End(H 1,1 (X C )).
The following corollary follows directly from Proposition 2.4 and proves Proposition 1.8:
Corollary 2.5. Let X C be a smooth complex projective variety, then
In particular, dpol(f ) does not depend on the choice of polarization.
Proposition 2.6. Let X C and Y C be complex smooth projective varieties of dimension d, let f ∈ Bir(X C ), g ∈ Bir(Y C ) and π : X → Y a dominant morphism of finite degree k, such that π • f = g • π. Then dpol(f ) = dpol(g).
Proof. Let ω X C be a Kähler form on X C and ω Y C be a Kähler form on Y C . We have
for some positive constants K 1 , K 2 not depending on n. By Corollary 2.5, this yields dpol(f ) ≤ dpol(g).
On the other hand, we have
for some positive constants K ′ 1 , K ′ 2 not depending on n and therefore, by Corollary 2.5, dpol(g) ≤ dpol(f ).
3. Proofs 3.1. Proof of Theorem 1.1. Let k be a field, X k a smooth projective variety defined over k, H a polarization of X k and ∆ ⊂ Rat(X k ) a finitely generated monoid of rational dominant transformations with generating set T . Then X k , H and T are defined by a finite set S of coefficients from k. Let k ′ ⊂ k be the field F p (S), where p = char(k), or k ′ = Q(S) if char(k) = 0. By Proposition 2.3, the degree of elements in Γ considered as rational dominant transformations of X k with respect to the polarization H is the same as the degree of elements in ∆ considered as rational dominant transformations of X k ′ . So without loss of generality, we may assume that ∆ is a submonoid of Rat(X k ′ ), where k ′ is a finite field extension of F p or of Q.
As in the proof of Proposition 2.2, we use the fact that there are only countably many isomorphism classes of such varieties. Polarizations and rational self maps are defined by a finite set of coefficients, so the cardinality of the set of all (k ′ , X k ′ , H, T ) up to isomorphism, where k ′ is a finitely generated field extension of F p or Q, X k ′ a smooth projective variety over k ′ , H a polarization of X k ′ and a finite set of elements in Rat(X k ′ ) is countable. It follows in particular that the set of all degree sequences is countable.
3.2. Proof of Proposition 1.3. Let k be a field and f ∈ Bir(P k associated to f , the indeterminacy locus Ind(f ), consisting of all the points where f is not defined and the exceptional divisor Exc(f ), the set of all the points where f is not a local isomorphism. If f is not an automorphism, the indeterminacy locus is a closed set of codimension ≥ 2 and the exceptional divisor a closed set of codimension 1. Note that Ind(f ) is exactly the set of points, where all the f i vanish. Let X ⊂ P d k be an irreducible closed set that is not contained in Ind(f ). We denote by f (X) the closure of f (X \ Ind(f )) and we say that f contracts X if dim(f (X)) < dim(X).
The following lemma is well known (see for example [FS94] ):
Lemma 3.1. Let k be a field and g, f ∈ Bir(P is ≥ 2 and therefore that g contracts M to a subset of Ind(f ).
On the other hand, let M be an irreducible component of a hypersurface that is contracted by g to a subset Ind(f ). Assume that M is the zero set of an irreducible polynomial h. Since g(M ) ⊂ Ind(f ), we obtain that f 0 (g 0 , . . . 
